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1. Introduction 



Abstract. In this paper, we show that every (weighted) Bergman space Aa(M n ) in the complex 
ball admits an atomic decomposition of real- variable type for any < p < 1 and a > — 1. More 
precisely, for each / S Aa(B>n) there exist a sequence of real-variable (p, oo) a -atoms and a scalar 
sequence {A^,} with J^ fe ( | p < oo such that / = \^P a (ofe), where P a is the Bergman projection 
from L^(B n ) onto y4^(B n ). The proof is constructive, and our construction is based on some sharp 
estimates about Bergman metric and Bergman kernel functions in B n . 

' Atomic decomposition, initiated by Coifman [3], plays a fundamental role in harmonic analysis. 

For instance, atomic decomposition is a powerful tool for dealing with duality theorems, interpolation 
theorems and some fundamental inequalities in harmonic analysis. There are extensive works on the 
atomic decomposition of Hardy spaces (see [10, 14] and references therein). In the case of several 
complex variables, Coifman, Rochberg and Weiss (in an unpublished version of [5]) firstly proved 
the atomic decomposition theorem for (holomorphic) Hardy spaces on the complex ball when p = 1. 
Subsequently, Garnett and Latter [9] generalized this result to the case < p < 1. The associated 
theorem for strongly pseudoconvex domains in C™ was proved by Dafni [7], and independently by 
Krantz and Li [12] wherein the corresponding result for pseudoconvex domains of finite type in C 2 was 
obtained as well. Furthermore, Grellier and Peloso [11] presented the atomic decomposition theorem 
| for Hardy spaces on convex domains of finite type in C™. On the other hand, Coifman and Rochberg [4] 

obtained decomposition theorems for (weighted) Bergman spaces „4^(B„) involving 'complex- variable' 
atoms defined by kernel functions in the complex ball for any < p < oo and a > — 1 . 

However, to the best of our knowledge, atomic decomposition (of real-variable type) for Bergman 
spaces was presented in the literature only in the case p = 1. This was given by Coifman and 
Weiss [6] based on their theory of harmonic analysis on homogenous spaces. Recently, using the 
duality between Bergman and Bloch spaces, the present authors [2] proved an atomic decomposition 
for Bergman spaces on the complex ball when p = 1, in terms of real- variable atoms with respect to 
Carleson tubes. But the approaches in [2, 6] are both based on duality and theorefore not constructive 
and cannot be applied to the case < p < 1 . The aim of this paper is to extend to < p < 1 these 
results for p = 1, through using an constructive method. Although the strategy behind the proof is in 
the same spirit as the analogous one of Hardy spaces (e.g. [7, 9, 11, 12]), but the technical arguments 
involved here are different slightly from the ones found there. This is mainly due to the fact that 
functions in Bergman spaces cannot be identified with those on the boundary of the complex ball, and 
hence the construction of decomposition must be done in the complex ball. Indeed, our construction 
is based on a quasi-metric and some sharp estimates about Bergman metric and Bergman kernel 
functions in the unit ball of C™. 

The paper is organized as follows. In Section 2 we present preliminaries and in particular introduce 
local coordinates which reflect the complex structure. In Section 3 we introduce several maximal 
functions associated with Bergman spaces, which play a crucial role in the construction of atomic 
decomposition for Bergman spaces. In Section 4 we define (p, oo) Q -atoms and state the corresponding 
atomic decomposition for Bergman spaces. Subsequently, we show that the (p, oo) Q -atoms so defined 
are suitable for our purpose. Section 5 is devoted to the construction of the associated atomic 
decomposition. In section 5.1 we will construct and estimate a collection of smooth bump functions 
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which is crucial in the construction mentioned. Sections 5.2 and 5.3 are devoted to present the 
associated construction. 

In what follows, C always denotes a constant depending only on n, 7,p, a and N, which may be 
different in different places. For two nonnegative (possibly infinite) quantities X and Y, by X < Y 
we mean that there exists a positive constant C such that X < CY, and by X « Y that X < Y 
and Y < X. Any notation and terminology not otherwise explained, are as used in [16] for spaces of 
holomorphic functions in the unit ball of C". 

2. Preliminaries and notation 

Throughout the paper we fix a positive integer n > 1 and a parameter a > — 1. We denote by C n 
the Euclidean space of complex dimension n. For z — (z\, • • • , z n ) and w — (wi, • • • , w n ) in C™, we 
write 

(z,w) = ziwi H h z n w n , 

where Wk is the complex conjugate of Wk- We also write 

\ z \ = VM 2 + --- + I^| 2 . 

The open unit ball in C™ is the set 

B„ = {z e C" : |z| < 1}. 
The boundary of B„ will be denoted by S„ and is called the unit sphere in C™, i.e., 

S„ = {z e C n : \z\ = 1}. 

2.1. Bergman spaces. For a > — 1 and p > the (weighted) Bergman space A% consists of holo- 
morphic functions / in B„ with 



\\p,a=([ 



\f(z)\ p dv a (z)) <oo 



where the weighted Lebesgue measure dv a on B n is defined by 

dv a (z) = c a (l - \z\ 2 ) a dv{z) 

and c a = r(n + a + l)/[n!r(a + 1)] is a normalizing constant so that dv a is a probability measure on 
B„. Thus, 

A p a = H(m n )nLZ(m n ), 

where H(M n ) is the space of all holomorphic functions in B„, and Lg(B„) is the usual LP space on 
the measure space (M n ,dv a ). When a = we simply write A p for Aq. These are the usual Bergman 
spaces. Note that for 1 < p < oo, A v a is a Banach space under the norm || || Pi a . If < p < 1, the 
space A v a is a quasi-Banach space with p-norm 

Recall that P a is the orthogonal projection from L^(B„) onto A 2 al which can be expressed as 



P a f{z)= K a (z,w)f(w)dv a (w), V/GL 1 (B„,dt- Q ), a> -1, 

where 

K a {z,w)= 1 ..„+!+„ , ^£B, 

(1 - 

P Q extends to a bounded projection from Lg(B„) onto ^ for 1 < p < oo (see [16, Theorem 2.11]). 
Let D(z,"f) denote the Bergman metric ball at z 

D(z, 1 ) = {weM n : 0(z,w) < 7 } 

with 7 > 0, where f3 is the Bergman metric on B„. It is known that 

2 l-|^ z (to)| 

whereafter </3 z is the bijective holomorphic mapping in B„, which satisfies ^(0) = z, <p z (z) = and 
tp z cxp z = id. 
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For the sake of convenience, we collect two elementary facts on the Bergman metric and holomorphic 
functions in the unit ball of C". 

Lemma 2.1. (cf. [16, Lemma 1.24]) For any real a and positive 7 there exist constant C 1 such that 
C-\l - \z\ 2 ) n+1+a < v a (D(z,7)) < C 7 (l - \z\ 2 ) n+1+a 

for all z E M n . 

Lemma 2.2. (cf. [16, Lemma 2.24]) Suppose 7 > 0,p > 0, and a > —1. Then there exists a constant 
C > such that for any f G %(!>„), 

liW< ,°, y\ j I/HI P ^H, Vz£B„. 

v a {D{z,-f)) Jd(z, 7 ) 

2.2. Homogeneous spaces. Recall that a quasimetric on a set X is a map p from X x X to [0, 00) 
such that 

(1) p(x, y) = if and only if x = y; 

(2) p{x,y) = p(y,x); 

(3) there exists a positive constant if > 1 such that 

(2.1) p(x,y) < K[p(x,z) + p(z,y)}, Vx,y,zeX, 
(the quasi-triangular inequality). 

For any x <E X and r > 0, the set B p (x, r) — {y £ X : p(x, y) < r} is called a p-ball of center x and 
radius r. 

A space of homogeneous type is a topological space X endowed with a quasi-metric p and a Borcl 
measure p such that 

• for each x £ X, the balls B(x, r) form a basis of open neighborhoods of x and, also, p(B(x, r)) > 
whenever r > 0; 

• (doubling property) there exists a constant A > such that for each x G X and r > 0, one has 

(2.2) p(B(x,2r)) < Ap,(B(x,r)). 

{X, p, p) is called a space of homogeneous type or simply a homogeneous space. We will usually 
abusively call X a homogeneous space instead of (X,p,p). We refer to [6] for details on harmonic 
analysis on homogeneous spaces. 

Wc now turn to our attention to the unit ball B„, in which a quasi- metric g is defined as 



g(z,w) 



z - w 



\z\\w\ 



\z\ + \w\, otherwise. 



It can be shown that the constant K = 2 in the quasi-triangular inequality (2.1) for g and, (B„, g, dv a ) 
is a homogeneous space (see e.g. [1, 15]). 

The following are some basic properties of the pseudo-metric g which will be used later, whose 
proofs can be found in [15, Section 2.2]. 

Lemma 2.3. (cf. [15, Proposition 2.9]) For every pseudoball B e (z,r), if r > 1 — \z\ then 

Q(jfpr) CB«{z,2r) and B°(z,r) C Q(^,4r). 

Here, Q((, r) = {z G B„ : \l - ((,z)\ < r} for every ( G S„ and r > 0. 

Lemma 2.4. (cf. [15, Lemma 2.10]) Let a > -1. For z£l„\{0} and < r < 3, 

v a (^(z,r))«r" +1 [max(r,l-|z|)]«, 
where depends only on a and n. 

Lemma 2.5. (cf. [15, Lemma 2.12]) For z G B„ and < r < 1, if zq = (ro, 0, . . . , 0) one has 

• |i - r 2i| ^ ^(^o); 

• l^i - n>| < 2(2,-20); 

• E" =2 M 2 < 2(?(z,z ); 

• |1 - (z,z )\ < 1 -r 2 + g(z,z ). 
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2.3. Local coordinates. For z G B„ and £ G C" a unit vector, we denote by t(z,£) the distance 
from z to the boundary S n along the complex line determined by £. For each zo G B„ there exists a 
special set of real coordinate basis {vi(z n ), ti(z ), . . . , v n (z ), r„(zo)} in R 2 ™ = C" defined as follows, 
which we call r- extremal. The first vector 

wi(«b) = < N 

[ 1, if z = 0, 

where 1 = (1,0, .. . ,0). vi(z ) is clearly the direction transversal to the boundary §„, in the sense 
that the shortest distance from z to §„ is attained in the complex line determined by vi(z n ). The 
vector V2(zq) is chosen among the vectors orthogonal to vi(zq) in such a way that t(zq, V2(zq)) 
is maximal. The vector v 3 (zo) is chosen among the vectors orthogonal to both vi(z ) and ^2(^0) 
such that t(zv 7 v 3 (zo)) is maximal. We repeat this process until we obtain an orthonormal basis 
{vi(z ), . . . ,v n (z )} in C™. Put 

Tj(z ) = ivj(zo), j = l,...,n. 

Then {vi(z ), t\{zq), . . . , v n (z ), T n (z )} is an orthonormal basis in R 2 ™. In particular, one has 

Wi(0) = e 2i _i and T;(0) = e 2i , i = l,...,n, 

where (k = 1, 2, . . . , 2n — 1, 2n) are the standard basis for R 2 ™. 
For to G B„ if 

w - z = aiwi(zo) + /3iTi(z ) + ■ • ■ + a„u„(2;o) + P n T n (z ), 

we denote by (ai,/3i, . . . ,a„,/3„) the real coordinates of to with respect to this basis. Precisely, we 
define a mapping : B„ x B„ -> M 2 " such that if 

to - 2 = aiui(z) +/3iTi(z) + . . . + a„u„(2;) +/3„t„(z) 

then ©(x, ui) = (ai,/?!,--- , a n ,(3 n ). One can easily verify that this coordinate mapping is a C°° 
diffcomorphism. 

For a multi-index J = {31,32, h, ■ ■ ■ , J2™) in N U {0}, let 

d(j) = h+j 2 + J j + --- + if 

and I J| = 3\ + h j2n- For any / G C 00 (B„) and z G B„, we define a differential operator 

Qj'lH hj2n 

^ /H = do$dfii*-.-dc£^dfifr f {z + aiVl {z) + PlTl {z) + ' ' ' + a " Wn(z) + PnTn{z)) ' 

whenever 0(z,w) = (ai,/?i,-- - ,a„,/3„). Let 17 be a domain in B„, we say / G C w (r2) if for each 
z G fi and J with | J| < iV, D J z f(w) exists and is continuous in a neighborhood of z. 

3. Maximal functions 

In order to give a constructive proof of the atomic decomposition for Bergman spaces AP a (0 < p < 
1), we need to introduce some maximal functions. These maximal functions are variants of the ones 
used for Hardy spaces (see e.g. [8, 11, 12]). 

3.1. Non-tangential and tangential maximal functions. Let S > and z G B„. The 'approach 
region' A$(z) is defined by 

A s (z) = {w G B„ : q(z, w) < 6{1 - \w\)} . 
For any / G H(M n ), we define respectively the non-tangential maximal function 



and the tangential function 



ft{z)= sup l/HI 
weA s (z) 



1 II \ M 

1 - \w\ 



ftH{z) = sup - 1 l/HI, 

w£M n V 1 - \ w \ + Q{ z i w ), 



where M is a positive constant. 
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Lemma 3.1. Let < p < oo and a > — 1. Then 

\\ffi\ P , a Z \\f\\ P ,a, V/ e Al. 

Proof. Fix 7 > 0. By [16, Lemma 5.23], there exists a 6 (0, 1) (depending only on 7) such that 

%T)C«(,r 2 ) 

for all < r < 1 and ( 6 S n , where 

«; = (1 - cn- 2 )C, Q((,r 2 ) = {zeM n : |1 - (C, z)\ < r 2 }. 
Note that 1 — \w\ < r 2 , by Lemma 2.3 we have 

Q(C,r 2 ) = Q(^,r 2 ) C B e ( W ,4r 2 ) = B°(w, 1(1 - M))- 

Thus, for all 1 — cr < |w| < 1 we obtain 

£)(«;, 7) C 1(1 - H)). 

Let z € B„, w e Aa(z), and 1 — er < |w| < 1. Then 

i-|*l=i-|*|-(i-M) + (i-M) 

<e(«,«>) + (i-H) < (* + i)(i-H) 

and so, 

B°(w, |(1 - M)) C B«(z,2[5 + 1](1 - H))- 
Moreover, by Lemma 2.4 

« Q (b° (z, 2 [J + 1] (1 - \w\j) ) « ( [5 + 1] (1 - M)) ' 
Now, by Lemmas 2.1 and 2.2 we have, for all w 6 ^(z) and 1 — cr < \w\ < 1, 

^" ,s (i-M^^ / ntM ,'^" , *-W 

v a {Be(z,2[5 + -](1 - \w\))) J B *{z,2{6+±){i-\w\)) 
<C p , a , lAa M{\f\i){z), 
where M is the central Hardy-Littlewood maximal operator defined by 

M(f)(z) - sup . / \f(w)\dv a (w). 

r>0 V a (Be(z,r)) J B e(z,r) 

By Lemma 2.2 again, it follows that 

2 

m*)< ( ^p V + sup I/hi 

H>l-<7 J \w\<\-a 

<C p , a ^{[M(\f\i)(z)}^ + \\f\\ p , a ), 

and hence, 



n+l+a 



/" |/?(s)l P *>a(*) < / [{M{\f\^)(z)fdv 



+ ||/||£„ < 11/11^, 



the last inequality is obtained by the fact that Ai is a bounded operator on L q (B„ , dv a ) for any 
1 < q < 00 (see [6, Theorem 3.5]). This completes the proof. □ 

Lemma 3.2. Let < p < 00 and a > —1. If M is a constant such that Mp > n + 1 + a, then 

II/mIU< ll/IU, V/e^. 
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Proof. By Lemma 2.4, there exist two constants c a and C' a such that 

Co r" +1 max{r, 1 - \z\} a < v a (B e (z,r)) < C a r n+1 m&x{r, 1 - \z\} a 
for all zeB„ and < r < 3. Let < j3 < 1 and N 6 N. We define the following two sets: 

E = {zGM n : P(z) 4 /*(*) > 0} 

and 

= B„ : M(X^)(*) > + 

where xb is the characteristic function on E. Since M. is bounded form L 1 (B„, cfo a ) to L 1 ' 00 (B n , di> a ) 
(see [6, Theorem 3.5]), we have 

vjEl N )<(N+ir +1+a vjE p ). 

On the other hand, if z is not in Ep N , we claim that f^{ z ) < ft- In fact, for any w <E Ajv(^), the 
set B e (w, 1 — |io|) can not be contained in Ep. Otherwise, 

. . , . lBe(z,(N+l)(l-\w\))XE fl dv a 



> 



> 



> 



v a {Be(z,(N+l)(l-\w\))) 

Ibs(w,(1-\w\)) XEpdVg 

v a {Be{z,{N + \){\-\w\))) 
« a (5>,l-H)) 

v a (Be(z,(N+l)(l-\w\))) 
c a {l - \w\) n+1+a 



C a ((N+l)(l-\ W \)) n+ -' 

Co. 

2C a (N + ' 



since 1 — \z\ < (N + 1)(1 — |tu|). This implies z £ E* 3 N which contradicts our assumption. Hence, 
there exists £ G B e (w, 1 - |w|) such that /*(£) < (3 and so < (3. Thus /^(z) < /3. Then we 

have, 

/ \P N (z)\?dv a (z) = f \r N (z)\ p dv a (z) 
Jo 

p f p- x v a (fy, N )dP 
Jo 

(N + l) n+1+a p f p-^EpW 
Jo 

{N + 1) n+l+a f \ r[z) \P dVa{z y 

Now, if g(z, w) < 1 — \w\ then 



< 



< 



< 



ill \ M 

1 - \w\ 



l/MI </*(*). 



1 - |to| + to) 
and if 2 fc (l - |io|) < g(z, w) < 2 fe+1 (l - \w\) for fc = 0, 1, 2, • • • , 

M 

1 — \w\ + g(z 



1 W ^j) J "l/WI<^(4 
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Thus, by Lemma 3.1, 



r. OO 

/ \m*)\ P dv a (z) 



—f* k+l (z) dv a (z) 
<E^mF/ \fUM\ v dv a {z) 

k=0 JB " 
oo „ 

< 2 fc ("+ 1 +«- M P) / \f*{z)\ p dv a (z) 
k=o 

oo 

^ \\f\\l, a Y, 2k{n+1+a ~ Mp) 



k=0 



< \\f\\ P p , a - 



The proof of Lemma 3.2 is finished. 



□ 



3.2. Grand maximal functions. We next introduce the definition of so-called grand maximal func- 
tions, which will play an important role in the construction of atomic decomposition. To this end, 
we need to define a space of smooth bump functions. Let S > and let L > be an integer. Given 
z 6 1„, we denote by Gg(z) the space of smooth bump functions at z for 8 and L, that consists of all 
functions g G C°°(M n ) for which there exist zq £ B n and ro > such that 

supps- C B e (z ,r ), g(z,z )<Sr , and |]g|| Lj20iro < 1, 

where 

Hfflkzo.ro = v a (B e (z ,r )) sup rf J) \\D J Zo g\\ L ^ {Be{z ^ ro)) . 

\J\<L 



The grand maximal function on B„ is defined as 



K. s . L (f)(z) = sup 



f(w)g(w)dv a (w) 



Lemma 3.3. Let < p < oo and S > 0. Let L > M be an integer, where M is a constant such that 
Mp > n+l + a. Then 

lCs, L (f)(z) < fh2s{z) + /£(*). V/ £ H(M n ), 
for all z£l„. Consequently, 

\\lC6,L(f)\\Lv(M n , d v a ) < \\f\\p, a , V/S^. 

Proof. Let w = {x\ + iyi, ■ ■ ■ ,x n +iy n ). We define a differential operator Yg of order I by 

Qk\^ hfen+miH hm„ 

mi -f - - - + m n — £ 

with smooth coefficients Cfe lr .. ,fe n , TOl ,... , mn . The symbol Ye will denote different operators in different 
contexts. Then, 



(3.1) 



\\Yeg\\L°°(Be(z ,r )-) ^ ^ 



1 



\.j\ = e r o J)v a( Be ( z o,r )) 



, W < L, 



for all 3 G ^(z). This can be obtained by the chain rule and change of coordinates. For example, let 

w - z = aivi(z ) + Pm(z ) H h a„w„(z ) + /3„t„(z ), 

by orthornormality, we have 

aj = (w - z Q ) •Vj(z ) and f3j = (w - z ) • Tj(z ), j = l,---,n, 
where '•' is dot-productor on R 2 ™. Using the chain rule, we have 



dg , x og oai og up n 



dg . . 9ai 
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Hence, 



dg 



~ E ll^o3|L~(Be(z ,ro)) - X/ </(■/! , ., 
L~>(B*(z .r a )) w=1 ,/| = i ^0 ' 'v a (BS(z ,r a )) 



Higher derivatives can be estimated similarly and (3.1) is obtained. 

Notice that for < r < 1 and £ G §„, we shall extend <?(r£) form §„ to a function G r G C°°(B„). 
In fact, we can let 



G r (w) 



ff(rttf)5i(l-H), ifl-2r <H<l, 
if |w| < 1 - 2r , 

-U) i 



where 51 G Cq°([0, 2r ]), 31 = 1 if < t < r and \g[ 3 \ < Cjr 3 (cj depending only on j). By (3.1), 
we have 



\YeG r (w)\<J2±\(Ye- k9 )(r W )\<J2i £ 



1 



fe=o r o 



1 ce 



V 1 

'^h^' r e - k v a (Be(z ,r Q )) " 7> Q (^(z , r )) ' 



< 



Now we estimate the integration 
/ f(w)g(w)dv a (w) 

= 2nj\ 2n - 1 (l-r 2 r (j£ /(r0ff(r0<^(0) 
= 2n^ r 2n -\l - r 2 ) a (jf [/«) - f(r£ - r r^]g{r0M0) dr 
+ 2n [ r 2 "- 1 ^ - r 2 ) a ( [ fH ~ r rOgH)da(o) dr 

JO \JS n J 

= h+h- 

For I 2 we note that when r£ G B e (zo,r ), it implies 

g(rt z) < 2[Q(r£, z ) + g(z , z)] < (2 + 2<5)r , 

moreover, 

Q{r£-r r£,z) < ||r£-r r£| - |r£|| + g(r£, z) < (3 + 2S)r . 
On the other hand, we know that 

1 - |r£ - r r£| > r . 
Hence, r£ — r r£ G A(3 +2 {)(z)- Therefore, 

2nj\ 2n - 1 (l-r 2 ) a (^J fH-r Q rOgH)d<j(0^j dr 

■f3+2s( z ) 



\h\ = 



< 



2n I r 2n - x (\-r 2 ) a 



v a (Be(z a ,r )) J 



lda(£) ] dr 

{«eS„:eK, Z o)<r } / 
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Next we estimate the term I\. Let denote the unit outward vector at £ G S n , then 
h = r 2n ~\l - r 2 ) a Qf [/(r£) - fH ~ ^o^)]fiK)^K)) 

= 2n/ r 2n ~ l (l -r 2 ) a ( f f ° --^-(r£ - nrfidn g{r£)da{£)) dr 
Jo \Js„ Uo " r l J / 

= 2n jf r 2 ™- 1 ^ - r 2 ) Q jf° r Qf Jj-(r£ - nrOG r (0<Mo) dndr 

By applying the Green's formula, we have 

h =2n £ r 2 "- 1 (1 - r 2 ) a r ^ jf /(r£ - rirfl ^jj^ rftr(fl^ dr i dr 

+ 2n / r 2 ™- 1 ^ - r 2 )" f°r(f Af(rw - r 1 rw)G r (w)dv(w)) dndr 
Jo Jo \Jm n ) 

-2n [ r 2n - l {\ - r 2 ) a f°r([ f(rw - r 1 rw)AG r (w)dv(w)] dndr 
Jo Jo \Jb„ / 

=/ll + 0-/12, 

since j '{rw — nrw) is holomorphic in B„. Let Y 2 G r {w) = AG r (w). We rewrite I\ 2 = /121+/122, where 

pi pro p 

I 121 =2n I I r^-^l-r^r f(rw - r 1 rw)Y 2 G r {w)dv{w)dr 1 dr 

JB„\Di_ ro 



JO JO 

and 

rl r-ra 



pL pro p 

2n / / r 2n - x {\ -r 2 ) a r \ 
Jo Jo Ah 



f(rw — rirw)Y2G r (w)dv(w)dridr. 



For the term /122, when w € Di- ro we know that 

g(rw — r\rw, z) < (3 + 2<5)ro < (3 + 25)(1 — \rw — r\rw\), 



then, 



pi pro pl—ro 

|/i22|=2n/ r 2 "- 1 (l-r 2 ) a / r/ 2ns 2 "- 1 

' Is ^ TS ^ ~ riTS ^ Y2Gr ^ d(J ^ dsdr ^ dr 

l (i-r 2 y 

1 / ldcr(^ds) dr 



< f3+2s( z ) r 2 2n-l/-, ,.2,n 

~7> Q (i^(z ,r )) y 1 

1— r 

2ns 2 ™- 

-2r " , {?eS„: e (rs{,z )<r } 

< /3+2i(^)^0 o n 
r^a 



/ r 2n - 1 {l-r 2 ) a 
Jo 

( / ^ns 2 ™- 1 f lda{£)ds) dr 

\Jl-2r J{5eS„: e (r^ Zo )<3r } / 



/3+2^( z ) r 

V 2 w Q (Be(z , r ))' 

^/3+25( 2 )- 
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Therefore, we have 

/ f{w)g(w)dv a ( 

^ f£+2g( z ) 



+ 



+ 



a \J§. 



dG r (0 



(l-r 2 ) a r / /(r£ - nr£) , rvs; da(£) dndr 



dv£ 



10 Jl-ro 

where, for simplicity, we let 



and replace the term 



/V 1 ! 
Jo 

[ r^-^l-r 2 )" 
Jo 

< / / /(^w — rirw)F 2 G r (w)dt;(«;) J dr\dr 

Jo yJB„\Di_ ro y 

i-l pro i- 

\ r 2n -\l-r 2 r / fiil-nH^GriOdaiOdndr 
Jo Jo Js„ 

f 1 r 2n-l {1 _ r 2 )a 

Jo 

/((l - n)r*i£)y 2 G r (si0dff(0d*idridr 



+ 
+ 



2nsf- i y 2 G r (sie) 

by r 2 G r ( Sl c). 

By repeating the method used in the estimations of Ii and 7 2 , we shall have the following estimate 
f(w)g(w)dv a (w)\ 

pi pro pr r r r l 

<fs + 2s(z)+ E / r 2n ~\l-r 2 r / / 

0<fc<i! Jo J ° Jr 



X 



/ /((! - r e )rsi ■ ■ ■ s k £)Y e+k G r (si ■ ■ ■ s fc £)cfcr(£) 



ri Jrn Jl-ro •'1— ro 

(is/; • • • ds\dri ■ ■ ■ dr\dr, 



which also can be obtained by mathematical induction and we omit the details. Notice that 

1 , g((l -r e )r Sl ■■■Skt,z) \ 
l-{l-ri)rsi---Sk J 



< 



A I 



</£(*)(4 + 2<J) 



M I ~[0 

re 



M 



and 



Q(r£, z ) <\r - rsi ■ ■ ■ s k \ + g(rsi ■ ■ ■ s fc £, z ) 



fc-i 



<\r - rsi \ + |rsi ■ • - s, - rsi • ■ -SjS i+ i| + £>(rsi • • • s k £,z ) 



<fcr + r < (fc + l)r . 
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Now wc fix £ = L > M, then 



/ f(w)g(w)dv a (w)\ 



/•l rro fro rra fl /•! 

</sW*) + /£(*) E / r^~\l-r 2 r / .../ / •••/ 

0<k<£ 1 Jre-iJl—ro J1-; 



L 



ro 



M 



-da(^)dsk ■ • ■ dsidre ■ ■ ■ dr\dr 



%eS n :e(rsi-a fc £,zo)<ro} V r « 7 r^^^^O, ^o)) 

/•I fro pro fro /•! fl 

zti+M+fSw E / r^-\i-r 2 r / .../ / •••/ 

0<k<£ 1 Jre-iJl—ro J1-; 



ro 



M 



1 



{|eS„: e (r£,*o)<(k+i)ro} V r £ 7 r^v^Se^ ro )) 

fM( z ) r O + [ r 2n-l^ _ r 2^a /""° / 

•A) Vo in 



— /3+2<5( z ) + 7, ,_/,• r , .. i 



dcr(^)dsk ■ • • dsidrg ■ ■ ■ dr\dr 

r 



M 



— ) da(S,)dr e ■ ■ ■ dr x dr 



{£€S n : e K,zo)<(fc+l)r } \ r t , 

^ f**(-Ar k+M 

</sW*) + E J M )t° ( r/o- M v a (B^z ,(k + l)ro)) 

o<I<£ r o v a {Be(z ,r Q )) 

</3W*) + /m(2)- 

Therefore, we have obtained that 



f(w)g(w)dv a (w) 



< 



for all g £ Qsi z ) an d z G ®n- Hence, by Lemmas 3.1 and 3.2 we obtain the required result. 



□ 



4. Statement of main results 

In order to state the real- variable atomic decomposition of Bergman spaces for < p < 1 , we will 
introduce the notion of (p, oo) Q -atom. To this end, we need more notations. 
Let < p < 1 and a > -1. Set 



iV PiQ = max<{ 2(n+l)(- - 1)1, [2(n + 1 + a)(- - l) 
i v p 'J L p 



+ 1, 



where [x] denotes the greatest integer less than x. Let z € B n and r > 0. For any e C°°(_B e (zo, r o))j 
we define the quantity 



U\\s N (Bo(zo,r )) : = E r o (J) II- 



|J|=JV 



ZoY\\L°°(Be(z ,r )) 



Definition 4.1. Le£ < p < 1 and a > — 1. Le£ TV > Np <a be an integer. A measurable function a 
on B„ is a (p, oo, N) a -atom if there exist z £ B ra and r > smc/i fftai 

(1) a is supported in B e (zo,r ): 

(2) |a(z)| <««(B e U,r ))"-; 

(3) /„ a(z)dv a {z) = 0; 

(4) /or all<j>£C°°{Be{z ,r )), 



J 



a(z)0(2;)o!w Q (2;) 



< U\\s N (B^z .r ))V a (B e (z ,r )) 1 p. 



^4ny bounded function a with ||a||i,°° < 1 is oteo considered to be a (p, oo, N) a -atom. 
We regard a {p, oo, N p a ) a -atom as a (p, oo) a -atom. 
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Remark 4.1. (i) As in the case of Hardy spaces on the complex ball (see the definition of p-atoms 
in [9, Section 4]), it seems necessary to consider all bounded functions a with ||a||x,oo < 1 as 
atoms in the complex ball (see Section 5.2 below), 
(ii) We remark that the condition (4) replaces the classical higher moment condition and is similar 
to the one found in [11, 12]. 

These atoms satisfy the following useful estimates. 

Theorem 4.1. Let < p < 1 and a > — 1. Let N > N p ^ a be a integer. 

(1) For any (p, oo, N) a -atom a, ||a|| PiQ < 1. 

(2) There is a constant C > depending only on p, n, a and N such that 

\\P a (a)\\ P , a <C 

for any (p, oo, N) a - atom a. 

(3) If {ak} is a sequence of (jp, oo) a -atoras, then for any sequence of complex numbers {Xk} with 
Sfc \^k\ p < oo, the series J2k ^kPa(ak) converges unconditionally in A v a such that 

f:=J2^P a (a k )€Al and ||/||* a < £ \\ k \*. 
k k 

The following theorem shows that the converse statement of Theorem 4.1 (3) holds true as well. 
This is the main result of this paper. 

Theorem 4.2. Let < p < 1 and a > —1. Let N > N p _ a be a integer. If f G J\P a , then there exist a 
scalar sequence {Xj} in C with \Xj\ p < oo, and a sequence of (p,oo, N) a - atoms {aj} such that 

(1) / = J2j ^j a j i n the sense of distributions; 

(2) / = Y]j XjOj, where the series ^ ■ XjOj converges unconditionally in L£(B„); 

(3) / = 5Zj ^jPa(o,j)i where the series ^ . XjP a (aj) converges unconditionally in A v a \ 

(4) E J |A J | p < ||/||?,«. 

Consequently, for any f G A? one has 



||?, a «inf{El A il P: / = £Va(«i)}. 



where the infimum is taken over all decompositions of f described above. 

In the sequel we will prove Theorem 4.1, while Theorem 4.2 will be proved in Section 5 below. 
The following lemma is crucial for the proof of Theorem 4.1. 

Lemma 4.1. Let z G B„ and J = (ji,j2,j3, • • • ,3in) be a multi-index such that |J| = N. If 
g{w,z ) < \q{z,zq), then 

\D J (K a (z -))(w)\ < C N ,n,a 

1 Zo{ { ' >){ j| - Q(z,w)M Va (Be(w,Q{z,w))y 

where CN, n ,a depending only on N,n 7 a. 
Proof. Assuming that 

w - z = a 1 v 1 (z ) + ftTi(zo) H h a n v n (z ) + (3 n T n (z ), 

we have 

D J Zo {K«(z,-))(w) 

(Z, V X (Z )) J1 (Z, n{z ))» ■ ■ ■ (Z, Vnizo))^- 1 (z, T n {z ))^ 



(i- <*.«>» 

We are going to prove that 

{z,v l (z )) : > 
(l-(z,w)) 



n+l+a+j 1 +i 2 +j 3 -\ hj 2 



< Cn 



q{z,wY 
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and 



(z,Ti(z )y 
(l-(z,w)Y 



< 



for all 2 < i < n and < j < N. These two type inequalities can be proved in a similar way. So, we 
only prove the second one. 

To this end, notice that g(w, z ) < \q(z, zq). Then 

• (z,Ti(z )) = (z - Z ,Ti(z )); 

• 2[q(z, w) + g(w, zo)] > g(z, z ); 

• Q(z,w) > \ (q(z,Zq) - 2g(w,z )) > \g{z,z ). 
By Lemma 2.5, we have 

|1 - (z, w)\ > ^-g(z,w) and \z - z \ < \j g(z, z ) 2 + 2g(z, zq). 



Hence, if g(z,z ) < 1 then 



(z,Ti{z )y 



(l-(z,w)Y 



(z - Z ,Ti(z )) J 



< 



(l-(z,w)Y 
Q(z,z )i . I 



< 



Z - Zq 



1 - (z,w) 



< 



g{z,w)i ~ g( z ,w)i 



If g(z, z ) > 1, then 



(z,n(z )y 




(z - Z ,Ti(z )) j 


< 


z - z 


(l-(z,w)Y 




(l-(z,w)Y 


1 - (z,w) 



g[z^oY g(z,z )2 1 



' Q{z,w)i g(z,wY 



g(z,w)" 



since g(z, z ) < 3. Thus, 

\D J Z0 (K a (z,.))(w)\ 



1 



(z,V 2 (z )Y*---(z,T n (z ))» n 



<- 



(l-{z,w)) 

CjV,n.a 



n+l+a+j 1 +j 2 



(1- <*>«>» 



33-\ h?2n 



I n+l+a 



g(z 1 w) d ( JS > 1 1 — (z, w) I 

Now, if 1 — \w\ < g(z,w) 7 then by Lemma 2.4, v a (B e (w, g(z, w))) « g(z, w) n+1+a and 

lJ/lsa(„ \W„.,M CN,n,a 



\D J Zo (K«(z,-))(w)\ 



< 

~ g(z,w) d ( J )g(z,w) n + 1+a 

^ C"N,n,a 



g(z,w) d ( J h a (Be(w, g(z 7 wjj) ' 
If 1 — \w\ > g(z, w), by Lemma 2.4 again we have v a (B (w, g(z 7 w))) « g(z, w) n+1 (l — \w\) a . Then 



< 



< 



g{z 1 w) dl y J )g{z,w) n+1 {l - \w\) a 

C/V,n,c- 

g(z, w) d( - J h a (Be( w , g(z, w jj) ' 



The proof is complete. 

Now we turn to prove Theorem 4.1. 



□ 
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Proof of Theorem 4-1- Let < p < 1 and a > — 1. Suppose N > N p>a is an integer. The assertion 
(1) follows immediately from the conditions (1) and (2) of Definition 4.1, while the assertion (2) 
implies the assertion (3). It remains to prove the assertion (2). 

To this end, letting a be a (p, oo, iV) Q -atom, we need to prove that 

\\P a {o)h, P <C, 



where C depends only on p, n, a and N. If |H|l~ < 1, then 



a(w) 



< 



(l-(z.w)) n+1+a 
a(w) 



dv a (w) 



dv a (z) 



M n (1 - (z,w)) 



dv a (w) 



dv a (z) 



<IHIL<i, 



since P a is a bounded operator on L 2 (M n , dv a ). 

If a is supported on B (z o .r n ) with z n e B„ and r > 0, then we have 



\P a (a)(z)\ p dv a (z) 



\P a {a){z)\ z dv a (z) I VaiB^zoAro)) 1 -^ 



Be(zoAro) 



Bs(zoAra) 
< 



<(jf \a(z)\ 2 dv a (z)j vdB'izo^o)) 1 -* 
^(B^zo^o^v^B^zo^o^v^B^zoAro)) 1 -^ < C. 
Next, we let Q k = {z <= B„ : 2 fc + 1 ro < z ) < 2 k+2 r }. Then 

/ |P Q (a)(z)| p ^ a (z) 

JB„\Be(z ,4r ) 



oo . 

7 1 

y-v J ; a(w) 



k=l 

oo 



;dv a (w) 



dv a (z) 



i„ (l-(z, W ))" +1 " ' : 
<£/ (||A' a («,-)ll5 w (B»(*o,n.))«a(S c («b,ro)) 1 -') dv a (*) 

OO „ 

^{B^z^f- 1 ^ \\K a {z,- 



"Sn (B<> (zo.ro)) 



dv a (z) 



in the above inequality we have used the condition (4) of Definition 4.1. Notice that, for z £ Qk and 
w e B e (z ,r ), 

Q{z, w) > 1 z ) - 2e(to, z )) > 2 fe r - r > 2 fc " 1 r 

and so 



B^o^-Vo) C B e ( W ,4g(z, W )). 
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Hence, by Lemma 4.1 one has, for z £ Qk, 

ll^ a ( z > -)\\s N (B<!(z ,ro)) 

= E r o {J) \\K(K a (z,-))\\ LX(Be{ZOtro)) 



\J\=N 

< V r d J J) ' 



E r o sup 



<■ \ ~> d(J) , 1 



< 



E 



Thus, 



/ 



i/iN (2k-^(J) Va (B S (z ,2^ro)) 



\P a (a)(z)\ p dv a (z) 

\Be(z a Ar a ) 

P 



(Beizo^ro)) 



dv a (z) 



<v a (B^z ,r )r E E {2lc - 1)pd{J)va{Be{z0i2k - lro))P 



\J\= 

^ v^B^zo,^- 1 



y — 

' 'f-* C9fe-l^ 



'^(2fe-i)^ Ua (Se(^ ,2fe-iro))f- 1 

< ^ 2 -i(fc-l)p[W-2(n+l)(i-l)] 

fe:2 fc -ir <l-|zo| 



+ 2 -i(fc-fco-l)p[W-2(n+l+a)(i-l)] 



fc=fc : 2> ? -j 1 >1 
2 n) — 

since TV > A^ Q . This completes the proof of Theorem 4.1. □ 

5. Atomic decomposition 

This section is devoted to the proof of Theorem 4.2. In section 5.1 we will construct and estimate 
a collection of smooth bump functions. Sections 5.2 and 5.3 are devoted to present the construction 
of atomic decomposition. 

5.1. A partition of unity and good auxiliary functions. To prove Theorem 4.2, we need to 
introduce a smooth partition of unit on any open set O C B„. To this end, we present the 'Whitney 
type covering lemma' in our case. 

Lemma 5.1. Let O C B„ be an open set. Then there are a sequence of balls {B e (zi,ri)} in B„, 
positive constants /i> 1> v > A > and N depending only on n such that 

(1) for any i, 

r t = ^e( Zll O c ) 

where K is the constant occurring in the quasi-triangular inequality (2.1) satisfied by the quasi- 
metric q; 

(2) = {} l BB{z ll yr l )- 

(3) for each i, Be( Zl ,nn) n O c ^ 0; 

(4) the balls B e (zi,\ri) are pairwise disjoint; 

(5) no point in O lies in more than N n of the ball B e (zi,ri). 
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Proof. See [15, Lemma 2.4] for the details. □ 

Given z £ B„, recall that the space of smooth bump functions at z for S > and L > is denoted 
by Gg(z) consisting of all functions g £ C°°(B„) for which there exist zo £ B„ and r > such that 

supp.g C B e (z ,r ), £(z,z ) < Sr , and ||s||i,, Zo ,r < 1, 

where 

\\g\\L,zo,r = v a (B e (z ,r Q )) sup r% {J) \\Di o g\\ Loa{Be(z(uro)) . 

\J\<L 

Lemma 5.2. Let O C B„ &e an open subset. Then there exist a collection of balls B e (zi,ri), a 
sequence of functions ipi £ C°°(B„) (i = 1, 2, ■ • ■ ), and a constant \x > 1 depending only on n, such 
that 

(1) < <pi < 1; 

(2) suppi^ C B e (zi,ri); 

( 3 ) E«=i^ = xo; 

(4) /or any nonnegative integer L there is a constant cl > depending only on L and n such that for 
each i and any Wi £ B e (zi,firi) n O c , 

TT^—'Pi e S^{wi). 

\m\\i,a 

Proof. Let Bf = B e {zi 1 rP) be given by Lemma 5.1. For each i we let tpi be a smooth function 
satisfying the following conditions: 

• tpi is supported on the ball B e (zi, r{); 

• < tpi < 1, and tpi = 1 on B d (zi, vri)\ 

. P^ilUooCB.^.r,)) < ^ d(J) (\J\ < L)- 

(See e.g. [12, p. 83] for the construction of tpi.) Now set 

tb-(z) 

Note that 1 < X^i ^M 2 ) — ^o> the conditions (1), (2), and (3) are clearly satisfied. It remains to 
check the condition (4). Indeed, by the condition (3) in Lemma 5.1, for each i we have B e (zi, ^r,) n 
O c ^ 0. For any w t £ B e {z t ,^ri) n O c , it is obvious that 

• g{zi,Wi) < [ir u 

• l|- D £<P*IU°°(B«(zi,r i )) <Cjrr d(J) , 

• |k»||l,a ~ ||^i||l,a ~ V a (B e (zi,n)). 

Hence, we have 

v a (B e (zi,n)) sup rf J) \\D J Zi Lpi\\ Loa(Be{z ^ r%)) < c^WtpiW^a. 

\J\<2L 

Therefore, Ifcfe^ G G fai)- D 
Let / e AP a and /i > 1 be the constant appearing in Lemma 5.1. Given an integer N > N PiCe , let 
L > max { N, [^(n + 1 + a)] + l} be an integer. By Lemmas 3.1 and 3.3, we have 

IC^ L (f) + n £LP(M n ,dv a ). 
Let &o be the least integer such that 

\\^ L {f)+n\\ Ll{Mn) <^°- 

For any nonnegative integer k, we define 

Ok = {z £ B" : (/)(*) + #(z) > 2 k °+ k } . 

Then O fc C B n for any fc = 0, 1, For each k we fix the Whitney type covering {B e (z k , r\ and 

the partition of unity {<p k } with respect to Ok, as constructed in Lemma 5.2. 

For each i and k, we denote by L 2 a fc(B„) the L 2 -space with respect to the probability measure 
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The norm on this space will be denoted by || • \\ a ^k. Then we define a subspace V^ k (zf) of L 2 a ^(Bn) 
consisting of 'polynomials' of the form 

P(z)= £ cjQ(ztz) J , 

\J\<L 

where 

®{zt z) J = a? /3f • • • of '.f* • • • oj- 1 ^" 

when 6(^,2) = (ai, /3i,... ,a„,/3„) and J = j 2 , . . . , j 2n -i, hn)- It is clear that Vh(zf) is a 
finite-dimensional Hilbert space. 

Let nj(z) (|J| < L) be an orthonormal basis for V L k (z!f). 

Lemma 5.3. Let L be a nonnegative integer. Then there is a constant Cl > depending only on L 
and n such that 

(5.1) _fi_ w?ea>f) , 
for all wf G B e (z\^r\) n 0£. 

Proof. In order to prove (5.1), for simplicity, by replacing 0(z 4 fc , z) J with O^)" 7 , we let 

\I\<\-'\<L 

Then we will prove that 

(5-2) |a Jl7 | < cM)- d V\ \I\<\J\<L, 

by mathematical induction, where the positive constant cj depending only on J and n. 

To this end, we introduce a linear order -< on the multi-indices set {J : \ J\ < L} such that |/| < \ J\ 
implies I -< J. Note that the orthonormal basis ttj can be constructed by the Gram-Schmidt process 
beginning with n ~ 1, and then 

e(z) J -E M ^^)I^H J ^i(w)dv a ^(w) 

(5.3) 7Tj(z) 



©W J - E/xJ M*) I ( d{w) J n I (w)dv a ^(w) 
Using mathematical induction, we assume that if O ri I ~< J then 

\ai,o\ < c/(rf)- d(0) . 

Because, for any O ^ I we have \&(z)°ip^ (z)\ < (rf) d{ -°\ it follows that -Ki{z)ip\ < cj. Therefore, in 
the numerator of (5.3), the coefficient of O(z) 7 (I < J) is dominated by c.j{r^) d ^ J ^ d ^ I \ 

In the following, we shall estimate the denominator of (5.3). Recalling the constant v in Lemma 
5.1, we claim that there exists a constant C = C(v,n) such that 

(5.4) (i-I'D* > ° 



,(B«(*?,rf)) ~ (rf)«+i' 



for all z 6 {w E B„ : g(zf,w) < j^rf}. 
First of all, we note that 



Then, the proof of (5.4) can be divided into two cases: < a < oo and — 1 < a < 0. 

• Case < a < oo. Suppose ze{i»el„: g(z 2 fe ,ui) < \frf}. If rf > 1 - zfj, we have 

1 - \z\ = 1 - |4| + |4| - |z| > i/r* - g(zf,z) > l -vr\, 



therefore, 



(i-\ z \r > c{rfr > c 



v a (Be(z*,r*)) ~ {rf) n + 1 + a " (rf ' 
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if r\ < 1 — |z 4 fc |, we also have 



hence. 



i-l*l = i- k fe l + k fe l - 1*1 > i - k fe l - e(*f>*) > i - k fe l - 
>i-k fe |-^(i-k fe l)> (i-^)(i-k fc |), 

(i-N) Q . 



C(l-|4|) a c 



v a {Be(z*,r*)) ~ (rf - " (rf ' 

• Case -1 < a < 0. Let z e {w G B„ : g(z^w) < \vr*}. If rf > 1 - we have 

l-\z\<l-\z*\+ Q {zlz)<rl 

therefore, 



(l-|z|)« > jrfT > C 



v a (B0(z^,r^)) ~ (ff) n+1+Q " (ff) n+1 ' 



if rf < 1 — Iz^l, we also have 



l-\z\<l-\zt\ + Q{zt,z)<l-\zt\, 



hence. 



(1-I*l) c 



> 



c(i-l4l) Q > c 



^(BefoVJ)) ~ ( r fc)n+i( 1 _ - ( r fc)«+i- 

In summery, (5.4) is obtained. 

We now come back to estimate the denominator of (5.3). Let 



F trt = {(a, (3) = (ai, •••,/?„): M, |/?i| < *r?;a£ + ■•• + #< tr* } . 



Then, we have 



2 



lltfl 



>. 



1,Q 
1 



/ |e(*) J / e J mdv aiip ,\ 2 ^dv a (z) 

[ \0(z) J - ]T Mz) I ® J *idv a ^ \\dv a {z) 



> 



— ; 7~t — ttt / \Q( Z ) J - ^ ni(z) [ Q J -n:idv nin k 

v a (B^,r^)J {zeMn .. e{zt>z)<ivrn \ ttj J 

-Jr^ls to ( k \ i .JW-E^) [® J *idv a ^\ 2 dv(z) 

i r i ) J{zel„: s(2, t ,z)<| ! /r i t } 1 j^j J 



dv a (z) 



(r 



^ 7r/(rf ai,rf (if )'a 2) • • • , (rf )30 n ) 

2 



e J 7rjd W -(r?) ,I(J) (a,/9)- 



cb(a, /3), 



where we have used (5.4) and made the change of variables 



(ai,/3i,a 2 ,/3 2 , • • • ,a n ,/3 n ) 



cm Pi a 2 f3 2 



rf ' rf' (7f)*'(rf)*' W (rf ) 
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We continue to estimate the last integral, which is equal to 



x J e J mdv a v * - (a,/3) J 



dv(a, /3) 



> (r?) M ( J > / |(a,/3) J - P 7 (a,/3)| 2 ^(a,/3) 



> Cj (rf) 2 ^), 

where Pj(a,f3) is the projection of (a,/3) J into the Hilbert space of polynomials P{a,P) spanned by 
{(a 7 (3y : I -< J} with the norm 



IPII 



\P(a,/3)\ 2 dv(a,p) 



Combining this estimation on the denominator of (5.3) with the previous estimation for its numerator 
yields that the coefficient of 0(z) 7 (I ^ J) is dominated by c.j(r l [)~ d ( I \ i.e., 



I a j j | < cj(rf) 



k)d(J)-d(I)( r kyd(J) 



Therefore, the claim (5.2) is proved. 

Now we return to the proof of (5.1). Indeed, by the Licbnitz rule and the fact j^f^—fi £ G^{ w i)> 
we have 

C_fe\-d(J) 

-4^ — @{zt zYifi g gfai), \i\ < l. 

Thus, by (5.2) we also have 



T^-nMeSfai), \J\<L- 

\<Pi\\i, a 



This completes the proof. 



□ 



We denote by V^h the orthogonal projection of L 2 fc (B„) onto V ip k(zf). 
Lemma 5.4. With the notation introduced above, there exists a constant C > such that for f G A p al 



(5.5) 

and 

(5.6) 



/or a/Z i, j, k. 
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Proof. We first prove (5.5). In fact, by (5.1) we have 

J>» } (/)(*)*■?(*) 

E /, 

</c M , L (/)K fc ) X! M*)^(*)l 

IJI<i 

CZ 1 !!^ ||l,a 



dw Q (w)7r. 7 (2;) 



=£ M , L (/)(«£) E 



|J|<L 



u Q (fl«(z?,r?)) 



c L v a (B^z k ,r k )) k 

n — fen ^-A z Wi \z) 



\J\<L 

<c L 2 ko+k , 



c L v a (Be(z*,rf)) 



the last inequality is also the consequence of (5.1). 

In what follows, we prove the second estimate (5.6) which follows from (5.5) by the same argument. 
For simplicity, we still use ttj(z) (|J| < L) to denote an orthonormal basis for V k+i(z k+1 ). Then 



Kr( [f - V i(/)] ^) (z) ^- +1(z) 



k+l/ \ 
<Pj ( w ) 



E j ([/ - V^if^Wirjiw) 2 k+1 ^' dv a (w)nj(z)<j> k+1 (z) 



\J\<L 



\l,a 



|J|<L 

+ 



\l,a 



\J\<L 

=:I + II. 



71 dv a (w)Trj(z)(j) k+1 (z) 



fc+ii 



|l,a 



Notice that the 7rj(z) are uniformly bounded on the support of - (z) and 



^ fc+1 (/)(z)^ +1 (z) 



we have 7/ < 2 k " +k+1 . 

To estimate 7, we note that if each integration part is not zero in 7, then tp k tp k+1 (z) ^ and hence 
there exist a constant C such that r k+1 < Cr k . In fact, this can be verified as follows. 

Let K be the constant occurring in the quasi-triangle inequality satisfied by g. By Lemma 5.1, we 
know that 



r1 = ^Q{zlO%), 

for all i and k. Let w e B^(z k ,r k ) n B s (z k+1 , r k+1 ). Since fe+ i C O fe , wc have 



< \r k+1 + \g{w, Ol) < \r k+1 + \K [g(w, zf) + g(z k , 0%)\ . 
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Then, 

r k+i < Kr k + Kg{z k^ ol) < Rr k + 2K 2 Q(4,O c k ) 

=Kr k + 2K 2 r k < K(l + 2K)r k . 

Thus, there exist a constant C such that r k+1 < Cr k . 

Now, by (5.1) and the change of variable and Liebnitz rule, we have 

|S up (r*+ 1 ) d ( J )|| J D^ +1 ^ 7 r J ^ +1 || LOO(Be(zrvri)) < c- L \ 
where the constant cl depending only on L. This also implies that 



cl 



Wfj 111, a 

for each G B e {z k+1 , n £>£ + i- Thus, we have 



E / /H^-HttjH J fc dv a 
<jCm,l(/)K- +1 ) E 

|J|<L 

<2* ; o+fc+l 

Hence (5.6) is proved and the proof of Lemma 5.4 is complete. 



' " r) ' (u,)7rj(*)# +1 (s) 



□ 



5.2. Construction of atoms. In this subsection, we will give the construction of atomic decompo- 
sition for each / G A? (0 < p < 1). Given an integer TV > N p a , let X > max {TV, [|(n + 1 + a)] + l} 
be an integer. Recall that 

Ok — {z eM n : K^ L (f)(z) + fi(z) > 2 k °+ k } , fc = 0, 1, . . . . 

For each k we fix the Whitney type covering {B e (zf , r k and the partition of unity {ip k } with 
respect to Ok, as constructed in Lemma 5.2. Then, we can write 

OO CO 

/=(/-Em-) + EM 

z=l i=l 
oo 

=A + EM 

2 = 1 

OO OO 

=/* + E + E (/ - (/)) 

OO 

=^+E(/-^ f (/))^, 

1=1 

where / fe = / - and 

OO OO 

(5.7) = (/ - E ft*) + E M/Vi ■ 

Notice that by (5.5), 



i=i 



i=i 



(5.8 



i=i 



< c2 



feo + fe 



because no point in Ok lies in more than N of the balls B e (z k ,r k ). Moreover, 



supp(i;[/-^ f (/)] ^) co k . 



,i=l 
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This implies that J^Zi f ~ v ^(f) <Pi ~> as k ~> 00 ■ Hence, by (5.7) one concludes that 

/ — hk — > as k — > oo for a.e. zeB„. 

This follows that 



(5.9) 

Now, since 

and 



f = h + ^2(h k+1 - h k ), a.e z e B„. 



fc=0 



we can write 



oo 

f-h k = J2(f-Kltf))^ 

i=l 

oo 

EV 1 ( [/ ~ V 1 (/) ] ^) = V 1 ( [ ; - ^r 1 (/) ] XOfc ) 

= [fxo k ] - V v * + i [V v u + ,{f) X o k ] = 0, 

hk+i — hk 

= (/ - h k ) - (/ - ftfc+i) 

OO OO 

= E [/ - (/)] - E [/ - V 1 (/) ] 

1=1 J=l 

oo 

= Et/-^(/)M 

OO OO ^ ^ 

- E E [/ - Kr (/) ] ^ V 1 ( [/ _ V 1 (/)] ^) K 

j=l z__l ^ J 

OO ^ 

= E {[/-*%f(/)M 

i=l ^ 

oo 

- E ([/ - V l(/) ]^ fe - V 1 ( [/ - V l(/) ^ fe )M +1 



= : E" 



where 



(5.10) 



&i =[/-^f(/)]Vi 

OO 

- E { [/ - V 1 (/) ] ^ - V 1 ( [ ; ~ V 1 (/) ] ) 



fc+1 
3 



3 = 1 



Consequently, we can write formally 
(5.11) 



OO OO 



k=0 i=l 



where the convergence of the series in the right hand side will be fixed below. 
Now set 

1 . k 1 7 k 

a o = T-ho, a t = —rbi , 
A A? 



where 



Ao = \\h \\ L oo {Mn) , X k = 2 k "+ k+1 v a (B s (z k ,Cr k ))K 
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and C — C(n, K) is a constant which will be fixed later. Therefore, (5.11) can be rewritten as 

oo oo 

(5.12) / = A a + EE A * a *- 

k=0 i=l 

In the sequel, we will check that this representation of / is the desired atomic decomposition, where 
the series in the right hand side converges in the sense of distributions. 

I. Support of the b k 's. We note that the first term in (5.10) is clearly supported in B e (z k ,r k ). 
Note that if the terms in the series (5.10) are not identically 0, then the condition 

B«(^,r?)nS^ +1 ,r* +1 )^0 

must be satisfied for some j. By a standard argument (see the proof of the second inequality (5.6) in 
Lemma 5.4), we know that there is a constant C\ > depending only on g such that r k+1 < C\r\. 
Hence, there exists a constant C > depending only on K and C\ such that 

B^z k+ \r k+1 ) CB«(4,CV?). 

Thus b k is supported in B e (z k , Cr k ) and so does a k . 

II. Size estimates for h and b k 's. Firstly, by (5.7) and (5.8) we have 



\ho\ 



fo + E (fid = f^o + E v <p° t (fid 



i=i 



i=i 



< ||i«>(Og) 



»=i 



< c2 fc °. 



Thus ||/io||l°° < c2 fc °, so ao is a (p, oo, iV) Q -atom. 
On the other hand, by (5.10) we have 

\b k \ 



- E [/ - V 1 (/)] ^ - 1 ( [/ - V 1 (/)] ^ ) ^ fc+1 

oo 

[/ - p vi (/)] ^ - E [/ - V 1 (/)] ^ +1 

oo 

The second term on the right hand side is bounded by c 2 k " +k+1 by (5.8), while the first term is equal 
to 



< 



[.f v v u (/)] ^ Xoi+i + E ( [/ - P„f (/)] - [/ - (/)] ) riv; 

3 = 1 

OO 

[/ - Vrf(f)]dxo k \O k+1 + E _ (/) ) 



<|/XoAo fc+1 | + |^(/)^| + 

where we have used Lemma 5.4. Thus, < 2 feo+fe+1 . 

III. Vanishing condition. Notice that 1 G ~„k(z k ) n V^*+i(zf +1 ). Then, 

[/-^f(/)]^dWa=0 



+ |^f(/)^i| 
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and 



I ( [/ - n>r 1 (/)] - V 1 ( [/ - V 1 (/)] ^) ) ^ +ldVa = °- 

Therefore, J B fe^cfoa, = and so, 



d« a = 0. 

IV. Moment condition. We need to estimate 



b k {z)<S>{z)dv a {z) 

in terms of \\®\\s N (Be(z k ,Cr k )) f° r an y * *= C°°(B e (z k , Crf)). To this end, we first note that there 
exists a unitary operator U z h such that U z kZ k = (\zf\, 0, . . . , 0). For any z G B e (z k ,Cr k ) we assume 



t/^z = (xi +iyi,...,x„ +iy„). 



Then, by Lemma 2.5 we have 



\x 1 +iy 1 - \z k \ | < and ^ |asj +i%| 2 < 2g(a£, z). 

J=2 



This yields that \xi - \z k \\, < rf and \xj\, \yj\ < y/rf for j > 2. Thus, 
|ai|,|/3i| <r k and |/3,| < Jr* for j > 2 

if 6(zf,z) = (ai,/3i, . . .,a n ,P n ). 

Using local coordinates (a\, (3\, . . . , a n , (3 n ), we denote by P* „ the Taylor expansion of order N— 1 

of $ around zf on B e {z k ,Cr k ), i.e., 

,QfclH |-fc„+miH hm„(f) 

PlJz)= V cj— h t {z k )Q{z k ,z) J , 

where J = {k\,m\, . . . , k n ,m n ). Note that P* „ is in V k(zf). Then, we have 



zl,N - '¥>," 
< 11$ 



Sjv(Be(«*,Cr*)) ■ 



L~(S<?(^,Cr! e )) 

In addition, if pe(zf,rf ) n B e {z k+1 , r| +1 ) ^ 0, there exists a constant C > such that r fe+1 < Crf 
and so B 8 (z k+1 , r k+1 ) C P e (zf, Crf). In this case, for all \ J\ < N - 1 we make the change of variable 
such that 6(zK z) J becomes the element in V k+i {z k+1 ) and its order is still less than TV— 1. Therefore, 

[ b k (z)<S>(z)dv a (z) = [ b k {z)U{z)-Pf )dv a {z) 
<2 ko+k+1 v a (B e (z k ,Cr k )) 



$ _ p 



z*,N 



L°°(Be(z k ,Cr k )) 

<2 k ° +k+ W(B^ztCr k ))\m SN(Be{z ^ Cr k ))7 



by the size estimate for b k, s as above. Thus 



a k (z)$(z)dv a (z) 



< 



l*lls w (B.(»f,Crf))«a(S C (4.C»-?)) 1 p. 



and so of is a (p, oo, 7V) a -atom. 

V. Convergence in the sense of distributions. In the following, we will show that (5.12) holds in the 
sense of distributions. It suffices to verify that Y^k=o Eti &f convergence in the sense of distributions. 
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Let ^ € C°°(B n ). We have for any m > n, 

„ m oo m oo „ 

/ EE 6 **^ ^EE / 

fc=n i=l fe=n i=l *' B - 

m oo 

<EE 2te+H1 °'«( BJ ^' Cr *)) 11*11 

k—n i—1 

m oo 

<2£2 fc »+ fc + 1 t, a (B«(4,Cr?))(r?) T ||*|| CW(BB) 



fc=n z— 1 
m oo 



< E E 2 fe ° +fe+1 ^(B^ fe , Cr?)) * (rf) f —{n+i.n+i+a} m 



C N (B n ) 



k—n i—1 

m oo 







<EE 2fe0+fe+1 ^( Be (^' r ")) 5 n*iic 

A;— n i—1 

where we use the fact TV > AT P)Q and Lemma 2.4. Hence, since - > 1 we have 



m oo 



EE^w^w^w 

m / oo \ — 

< £ 2*°+*+ i e ^)) P \\n c » { m n) 

k=n ^ i=l ' 

m 

<7V E2 fc0+fe+ V(O fc )"||*|| CN(B „ ) 



k—n 



<N [J2^ k0+k+1)p MO k )j ||*|| CW(Bb) 



\k—r, 



£ll*llc~(B n )(E j ka + k J P ~ 1Va{ZeMn '- K»,L(f)(z) + f6(z)>t}dt 
\k—n 2o+ y 

= (jf |/C^(/) + /||^ Q J 



C N (B„) 



which tends to as n — > oo. Thus, the equality (5.12) holds in the sense of distributions. 

VI. Coefficients in l v . At last, we only need to check the coefficients {A^} belong to £ p . Indeed, 



E E l A "l P = E E 2 {ka+k+1)p v a (Be(zt Crf )) 

k=0 i=l k=0 i=l 

oo oo oo 

^ E E ^ ko+k+1)p v a {B e {zl r\ )) < E 2 (k ° +k+1 K a (O k ) 

k=0 i=l k=0 

< / ff- x v a { Z £B„: /C^ L (.f)(z) + r s {z) > t}dt 

J2 k o 

< \\KpM +n\\i, a <\\f\\i, a - 

5.3. Proof of Theorem 4.2. By far, we have shown that 

oo oo 

/ = A a + E E A ^ 

k=0 i=l 

holds true in the distribution sense and hence the assertion (1) of Theorem 4.2 holds. Consequently, 
by the assertion (1) in Theorem 4.1 we conclude that the series on the right hand side of (5.12) 
converges in (B„) and so the assertion (2) of Theorem 4.2 holds true as well. 
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It remains to prove the assertions (3) and (4) in Theorem 4.2. Indeed, assuming that / G AP a r\A^, 
we have 

f(z) =P a {f){z) 



oo oo 



= (A oflo + ^^A^,if«(-,z) 

^ fc=0 i=l 

/ oo oo 

=X P a (a )(z) + ( E E A "«*' Ka t> z ) 



* fc=0 i=l 

oo oo 

=A p ct ( ao )(z) + E E A * ^k* )(*)> 

fc=0 i=l 

since the series converges in the sense of distributions. Moreover, 

oo oo 
fc=0 i=l 

Therefore, the assertions (3) and (4) of Theorem 4.2 hold true for / G A v a fl A 2 a . 

{p, n A a 



We next show that they hold for any / in A v a (0 < p < 1). Since A v a (~l .4^ is dense in A v a , we can 



choose a sequence {/ n }^i in fl A\ such that 

oo 

/ = /i + E(/« - ll/n-/ll?,a->0 asrwoo, 



n=2 

and 

< |||/||?, Q , ll/n - /n-l||£a < ^ll/ll£,a> V" > 1. 

Let (71 = /i and g n = f n — /„_i for n > 1. Since g n G ^ fl -A^(n > 1), we can choose numbers A[' 
and (p, oo, iV) a -atoms a™ such that 

oo oo 

5 „ = £A?P Q «), El A "l P <ll3«ll^- 

i=l i=l 

Hence, 

oo oo oo 

n—1 n—1 i—1 

and 



EEi A "i p <Ei«,«< 



\\p,a' 

n—1 i—1 n—1 



This completes the proof of Theorem 4.2. □ 

5.4. The case of (p, g) a -atoms. The previous results can be extended to the case of (p, g) a -atoms 
for 1 < q < oo. 

Definition 5.1. Let 0<p<l<q<oo and p < q. Let a > —1. Let N > N p , a be an integer. A 
measurable function a on B n is a (p,q, N) a -atom if it is either a bounded function with ||a||i,oo < 1, 
or satisfies that there exist zq G B" and ro > such that 

(1) a is supported in B e (zo,r ): 

(2) \\a\\ q , a <v a (Be(zo,r ))<-*; 

( 3 ) /»„ = 0; 

(4) /or all<l>£C°°{Be{z ,r )) 



J 

■13''' 



a(z)(j)(z)dv a (z) 



< H\\s N (B<>(z ,r ))V a (B e (z ,ro)) 1 p. 



By slightly modifying the proof of Theorem 4.1, we can prove that Theorem 4.1 is still valid for 
(p, q, iV) a -atoms. 
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Theorem 5.1. Let 0<p<l<q<oo and p < q. Let a > — 1. Let N > N p , a be an integer. 

(1) For any (p 7 q, N^ a -Q,toTn ci, \\@>\\p,a 

< i. 

(2) If q > 1, there is a constant C > depending only on p, n, a, q and N such that 

\\Pa{a)\\ Pia <C 

for any (p, q, N) a -atom a. 

(3) Let q > 1. If {ak} is a sequence of (p, q, N) a -atoms, then for any sequence {\k} of complex 
numbers with ^ fc |Afc| p < oo, the series X k P a (a.k) converges unconditionally in A v a such that 

f:=J2^Pa(a k )€Al and ||/||* Q < ]T |A fc |* 
k k 

On the other hand, it is easy to check that (p, oo, iV) Q -atoms arc necessarily (p,q, N) a -a,toms. 
Therefore, by Theorem 4.2 we have 

Theorem 5.2. Let 0<p<l<q<oo and p < q. Let a > —1. Let N > N p ^ a be an integer. For 
each f 6 A p a there exist a sequence of complex numbers {Xj} with J^. \Xj\ p < oo, and a sequence of 
(p,q,N) a -atoms {aj} such that 

(1) / = J2j ^j a j i n the sense of distributions; 

(2) / = Y]j XjOj, where the series Y]j AjOj converges unconditionally in L^(B„); 

(3) if q > 1, f = J2j ^jPa(a-j), where the series J2j ^jPa{ a j) converges unconditionally in A v a \ 

(4) EiN" <||/HS,«. 

Consequently, for any f G A v a one has 

ll/ll^infj^TlA.f : / = ^A,P Q (a J )| 

3 3 

if q > 1, where the infimum is taken over all decompositions of f described above. 
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